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[7] .
1 inf-sup , inf-sup
, . , [1]
. $X,$ $Y$ Hilbert , , norm , $||$ $||_{X},$ $(\cdot, \cdot)_{X},$ $||$ $||\gamma,$ (., $\cdot$ ) Y
, $Y$ (dual space) $Y$’ , $X,$ $Y$
(bilnear form) $a:X\cross Yarrow \mathbb{R}$ , $a$
:
$\exists M>0$ , $|$a(x: $y$ ) $|\leq M||x||_{X}||y||_{Y}$ , $\forall x\in X,$ $\forall y\in Y$.
$a$ : $X\cross Yarrow \mathbb{R}$ $f\in Y$’ , :
Find $x\in$ X such that $a(x, y)=f(y)$ , $\forall y\in Y$.
(1.2) $f\in Y’$ ,
[1, Theorem 5.2.1]:
Ll $a$ (x, $y$ ) , (1.2) $f\in Y’$
, $a$ 2 :
(1.3) $C_{1}:=$ inf $\sup|$a(x, $y$ ) $|>0$
$||xx$l $|_{X}=\in X1$ $||y||_{Y}\leq y\in Y1$
(1.4) $\sup|$a(x, $y$ ) $|>0$ , $ly$ $\in Y$, $y\neq 0$ .
$||x||_{X}=x\in X1$
, (1.2) $x\in X$ , : $||x||x\leq||f||_{Y’}/C_{1}$ .
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, $X_{h}\subset X,$ $Y_{h}\subset Y$ , (1.2) Galerkin ,
(1.5) Find $x_{h}\in X_{h}$ such that $a(x_{h}, y_{h})=f(y_{h})$ , $\forall yh\in Y_{h}$ .
. , (1.5) (Galerkin ) $x_{h}\in X_{h}$ ,
[1, Theorem 6.2.1]:
L2 $X,$ $Y$ Hilbert , $a:X\cross Yarrow \mathbb{R}$ , 1.1
(1.3), (1.4) . , $X_{h}\subset X_{f}Y_{h}\subset Y$ ,
$(1.6)$ $C_{h}$ $:=$ inf $\sup$ $|$a(xh, $y_{h})|>0$
$x_{h}\in X_{h}$
$y_{h}\in Y_{h}$
$||$xh $||x=1$ $||$yh $||_{Y}\leq 1$
$(1.7)$ $\sup$ $|$a(1h, $y_{h})|>0$ , $\forall yh\in Y_{h}$ , $yh\neq 0$ .
$x_{h}\in X_{h}$
$||$xh $||X=1$
. , 1.1 , $f\in Y’$ $(1.2)_{\mathrm{f}}$ (1.5)
$x^{0}\in X,$ $x_{h}^{0}\in X_{h}$ . , $||x^{0}-x_{h}^{0}||_{X}$ ,
:
(1.8) $||$x0-xX $||X \leq(1+\frac{M}{C_{h}})w$:$\mathrm{n}\in$f $h||$x0-wh $||$X.
, $M$ (1.1) .
13 1.2 . $h>0$ $\eta$
,
(1.9) $\inf$ $\sup$ $|$a(xh, $y_{h}$ ) $|=:C_{h}\geq\eta>0$
$||x_{h}||x=x_{h}\in X_{h}$
1 $||y_{h}||_{Y}\leq y_{h}\in Y_{h}$ 1
. ,
$\lim_{harrow 0}\inf_{w_{h}\in X_{h}}||$x0-wh $||_{X}=0$ $\Rightarrow$ $\lim_{harrow 0}||x^{0}-x_{h}^{0}||X=0$
.
Remark: (1) (1.3) , inf-sup , $\mathrm{B}\mathrm{a}\mathrm{b}\mathrm{u}\check{\mathrm{s}}\mathrm{k}\mathrm{a}$-Brezzi-Kikuchi .
(1.9) , inf-sup ,
.
(2) 1.2 , Galerkin $x_{h}^{0}$ , $x^{0}$ $h$
: $x_{h}^{0}=\Pi_{h}x^{0}$ . , :
(1.10) $||$ II$h||_{c}$(X,X) $\leq\frac{M}{C_{h}}\leq\frac{M}{\eta}$ .




, (1.2) Galerkin . , (1.2)
compact Galerkin , , Fink-Rheinboldt
Galerkin [4].
$a$ , . $A\in \mathcal{L}(X, Y’)$ ,
$a$
$\langle$Ax, $y\rangle$ $:=a(x, y)$ , $\forall x\in X,\forall y\in Y$
, $A$ $X$ $Y’$ . (1.2) , $Y$’
$Ax=f$ , $x$ , $x=A^{-1}f$ .
$X_{h}\subset X,$ $Y_{h}\subset Y$ . , 1.2
, (1.2) Galerkin (1.5) , $x_{h}\in X_{h}$ .
$X\ni x\mapsto x_{h}\in X_{h}$ , $h$ : $Xarrow X_{h}$ . Galerkin $x_{h}\in X_{h}$
, $h$ $A$ , $x_{h}=\square _{h}x=\Pi_{h}A^{-1}f$ . ,
$A|_{X_{h}}$ : $X_{h}arrow Y_{h}’$ , $X_{h}$ Y( , $P_{h}$ $Ph:=A\Pi hA^{-1}$
, $P_{h}$ $Y$’ $Y_{h}’$ .
, $F_{h}$ : $Xarrow Y’$
(2.1) $F_{h}(x):=(I_{Y’}-P_{h})Ax+P_{h}F(x)$ , $F(x):=$ Ax-f, $x\in X$
. , $I_{Y’}$ , $Y’$ . $F_{h}$ , Fink-Rhein-
boldt . , :
2.1 (Fink-Rheinboldt [4]) $F_{h}$ : $Xarrow Y$’ ( $2.\mathfrak{y}$ , $x\in X$
$F_{h}(X)=0$ , $x\in X_{h}$ , $x=\Pi hA^{-1}f$
( , $x\in X_{h}$ , Galerkin ) .
: . [4, Lemma 5.1] .
$F_{h}$ , (2.1) ,
, .
, $b$ : $X\cross Yarrow \mathbb{R}$ , $b$ “
”
(2.2) $a(w,y)+b(w, y)=f(y)$ , $\forall y\in Y$
. , Galerkin $w_{h}\in X_{h}$ ,
(2.3) $a(w_{h}, y_{h})+$ b(wh, $y_{h}$ ) $=f(y_{h})$ , $\forall yh\in Y$
. , $b:X\cross Yarrow \mathbb{R}$
(2.4) $\langle Bx, y\rangle:=b(x, y)$ , $\forall x\in X,\forall y\in Y$
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, $B\in \mathcal{L}(X, Y’)$ . (2.2) , $Ax+Bx=f\in Y$’
. , Galerkin (2.3) ,
$\langle Aw_{h}, y_{h}\rangle=\langle-Bwh+f, y_{h}\rangle$ , $\forall yh\in Y_{h}$
, $w_{h}$ $w_{h}=\Pi_{h}A^{-1}(-Bw_{h}+f)$ $X_{h}$
. , $F$ (x) $:=Ax+Bx-f$ (2.1) $F_{h}$ : $Xarrow Y$
, $F_{h}(w)=0$
$(I_{Y’}-P_{h})Aw+P_{h}(Aw+Bw-f)=(A+P_{h}B)w-P_{h}f$
$=A$ ($w+\Pi_{h}A^{-1}$ (Bw-f)) $=0$
, 2.1 .
, (2.2) Galerkin $w_{h}$
. :
2.2 .
(1) $a$ : $X\cross Yarrow \mathbb{R}$ , 1.1
(2) $X_{h}\subset X,$ $Y_{h}\subset Y$ $a$ , 1.2, 1.3
.
(3) (1.2) $x\in X$ , Galerkin $x_{h}\in X_{h}$ $h$
,
(2.5) $harrow 01\mathrm{i}_{\mathrm{l}}\mathrm{n}||x-\Pi hx||_{X}=0$ , $\forall x\in X$
.
(4) $b$ : $X\cross Yarrow \mathbb{R}$ (2.4) $B\in \mathcal{L}(X, Y’)$
, compact , $A+B\in \mathcal{L}(X, Y’)$ , $X$ $Y$’ .
, $h>0$ , (2.2) $w$ Galerkin
(2.3) $w_{h}\in X_{h}$ , :
(2.6) $||w_{h}-\Pi_{h}w||_{X}\leq C||w-\Pi_{h}w||_{X}$ .
, $C$ , .
Fredholm , $\mathrm{K}\mathrm{e}1^{\cdot}(A+B)=\{0\}$ $A+B$
. 2.2 , :
2.3 $P_{h}$ : $Y’arrow Y_{h}’$ ,
$||$I $h||_{\mathcal{L}}$ (Y”Y$’$ ) $\leq C$, $\lim_{harrow 0}||$f-P$hf||_{Y’}=0$ , $\forall f\in Y’$
. , $C$ $h>0$ . , compact
$K\in \mathcal{K}(X, Y’)$ $j$ $\lim_{harrow 0}||(I_{Y’}-P_{h})K||_{\mathcal{L}(X,Y’)}=0$ .
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: . . , $\epsilon>0$
, $k$ $h<1/k$ ,
$||(I_{Y’}-P_{h})K||_{\mathcal{L}(X,\mathrm{Y}^{-\prime})}\geq\epsilon$
. , $x_{k}\in X$ ,
$||$ xk $||X\leq 1$ , $||$ (I$Y^{\prime-}Ph$ )Kx$k||Y$ . $\geq\frac{\epsilon}{2}$
. $K$ compact , {xk} $\{x_{k’}\}$ ,
$\{Kx_{k’}\}$ $f$ [ : $\lim_{k’arrow\infty}||Kx_{k’}-f||_{Y’}=0.$ ,
$\frac{\epsilon}{2}\leq||$ (I$Y$. $-h$) $Kxk^{\prime||}Y$. $\leq||$ (I$Y^{\prime-P_{h}}$ ) $f||_{Y’}+||$ (I$Y$. $-Ph$ ) $(f-Kx_{k’})||_{Y’}$
$\leq||$ (I$Y$. $-P_{h}$ ) $f||Y$. $+(1 +C)$ $||$ f-Kx$k^{\prime||_{Y’}}arrow 0$
.
2.2 : , $w_{h}\in X_{h}$ Galerkin (2.3) ,
$F_{h}(w_{h})=0\Leftrightarrow(A+P_{h}B)w_{h}=P_{h}f\Leftrightarrow A(w_{h}+\Pi hA^{-1}Bw_{h})=A\Pi hA^{-1}f$
. , $P_{h}:=A\Pi_{h}A^{-1}$ . ,
$h>0$ $L>0$ , $h>0$
(2.7) $||$ ( $A+P_{h}$B)v$h||Y’\geq L||v_{h}||x$ , $\forall v_{h}\in X_{h}$
. , (1.9), (1.10), (2.5) , $P_{h}$ : $Y’arrow Y_{h}$’
2.3 , $\lim_{harrow 0}||(I_{Y’}-P_{h})B||_{\mathcal{L}(X,Y’)}=0$ .
,




$h>0$ , $L:= \frac{1}{2}||(A+B)^{-1}||_{\mathcal{L}(Y,X)}^{-1}$, (2.7)
. (2.7) , $(A+P_{h}B)|_{X_{h}}$ : $X_{h}arrow Y_{h}’$
. $X_{h}$ , 1.2 $X_{h}$ $Y_{h}$ ,
$(A+P_{h}B)|x_{l\iota}$ : $X_{h}arrow Y_{h}’$ . , Galerkin $w_{h}$
.




2.4 22 . , $h>0$
, (2.2) $w$ $Galerk’in$ $w_{h}$ ,
:
$||$w-wh$||X \leq(1+C)||w-\Pi hw||_{x}\leq(1+C)(1+\frac{M}{\eta})v_{h}\mathrm{i}\mathrm{n}\in$( $h||$w-vh $||$X.
, $M_{f}\eta$
f
$C$ , 1.2, 1.3, 2.2 . ,
$h \cdotarrow 0v_{h}\in X_{h}1\mathrm{i}_{1}\mathrm{n}\inf||w-v_{h}||_{X}=0$
$\Rightarrow$ $\lim_{harrow 0}||w-w_{h}||_{X}=0$
.
Remarks: ( $\mathfrak{y}$ , [3] . ( [3]
. .) ,
, . , [5],
[6] . , [3] ,
(2) , cornpact $B$ : $Xarrow Y’$ , “ ’






. $X,$ $Y$ Hilbert ,
$a$ : $X\cross Yarrow \mathbb{R}$ , 1.1 . $A:Xarrow Y$’ , $a$
( , $\langle Ax,$ $y\rangle:=a(x,$ $y$ ), $\forall x\in X,$ $\forall y\in Y$ )
Hilbert $X$ $U\subset X$ ( ) $B$ : $Uarrow Y’$
, $f\in Y$’
$\langle Ax, y\rangle+\langle B(x), y\rangle=\langle f, y\rangle$ , $\forall y\in Y$
. , $f\in Y’$ $B$ ( , $B(x)-f$
$B$ (x) ),
(3.1) $\langle Ax,y\rangle+\langle B(x), y\rangle=0$ , $\forall y\in Y$
.
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, $Ax+B(x)=0$ $x$ Galerkin
, . $X,$ $Y$ Hilbert , $X_{h}\subset X,$ $Y_{h}\subset Y$
.
3.1 (1) $B$ , $U$ $C^{1}$ . $F(x):=Ax+B(x)=0$
$x_{0}\in U$ , $DF(x_{0})=A+DB(x_{0})\in \mathcal{L}(X, Y’)$ $X$ $Y’$
.
(2) Fr\’echet $B(x_{0})\in \mathcal{L}(X, Y’)$ , compact , $a$ : $X\cross Yarrow \mathbb{R}$
, 1.1 .
(3) $X_{h}\subset X,$ $Y_{h}\subset Y$ $a$ , 1.2, 1.3
.
(4) (1.2) $x\in X$ , Galerkin $x_{h}\in X_{h}$ $h$
,
$\lim_{harrow 0}||$x-II$h$x $||$ )$(=0$ , $\forall x\in X$
.
(5) $F:=A+B:U$ \rightarrow Y’ Fre’chet $DF(x)=A+DB(x)$ ,
$\mathcal{O}\subset U$ $L\psi sch-tz$ : , $\mathcal{O}\subset U$
$C$ (O) ,
$||$DF(x)-DF(y) $||c$(X,Y.) $\leq C(\mathcal{O})||x-y||_{X}$ , $\forall$x) $y\in \mathcal{O}$
.
, Kantorovich ( ) . Kantorovich
, , [9] .
3.2(Kantorovich ) $A,$ $B$ Banach . $\mathcal{O}\subset A$
$f$ : $\mathcal{O}arrow B$ $C^{1}$ , :
(1) $z_{0}\in \mathcal{O}$ , Fr\’echet $Df(z_{0})\in \mathcal{L}(A, B)$ , $A$ $B$
. $f(z_{0})\neq 0$ .
(2) $\mathcal{O}$ Fr\’echet $Df(x)$ Lipschitz . , $K$
,
$||$D$f(z_{0})^{-1}(Df(x)-Df(y))||c(A,A)\leq K||x-y||_{A}$ , $\forall$x, $y\in \mathcal{O}$
.
(3) $\eta$ $h$ , $\eta:=||Df(z_{0})^{-1}f$ (z0)||A, $h:=K\eta$ , $h \leq\frac{1}{2}$ .
(4) $t^{*},$ $t^{**}(t^{*}\leq t^{**})$ , (majorant equahon) $g(t):= \frac{1}{2}Kt^{2}-t+\eta$
2 . , $z_{1}:=z_{0}-Df(z_{0})^{-1}f$ (zo),
$B(z_{1}, t^{*}-\eta):=$ { $z\in A|||$z-z1 $||A<t*-\eta$ }
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, $B$ (zl, $t^{*}-\eta$) $\subset \mathcal{O}$ .
. $f(z)=0$ $z^{*}\in B$ (z1) $t^{*}-\eta)$ . , $B$ ( z0, t $\mathcal{O}$
( $h< \frac{1}{2}$ ) , $\overline{B(z_{0},t^{**})}\cap \mathcal{O}$ ( $h= \frac{1}{9_{\sim}}$ ) . ,
:
$||z^{*}-z_{0}||_{A} \leq t^{*}=\frac{2\eta}{1+\sqrt{1-2h}}$ .
, (3.1) $x_{0}\in U$ Galerkin $x_{h}\in X_{h}\cap U$ ,
(3.2) $\langle$Axh, $y_{h}\rangle$ $+\langle B(x_{h}), y_{h}\rangle=0$ , $\forall yh\in Y_{h}$
. Galerkin , Fink-Rheinboldt
(2.1)
$F_{h}(x):=(I_{Y’}-P_{h})Ax+P_{h}F(x)$ , $F(x):=Ax+B(x)$
. , $P_{h}:=A\Pi hA^{-1}$ . Fink-Rheinboldt (2.1) ,
$F_{h}(x)=Ax+P_{h}B$(x) , 2.1
. , .
3.3 3.1 , $h>0$ (3.2)
Galerkin $x_{h}\in X_{h}$ ,
(3.3) $||x_{h}-\Pi hx\mathrm{o}||_{X}\leq C||x_{0h}-\Pi x_{0}||_{X}$
. , $C$ .
:
$A:=X_{h}$ with norm $||x_{h}||_{X}$ , $z_{0}:=\Pi_{h}$x0,
$B:=Y_{h}’$ with nonn $||f||_{Y’}$ , $f:=F_{h}$




$\ovalbox{\tt\small REJECT}(DB(\Pi_{h}x_{0})-B)$ . 2.2 , $h>0$ $L>0$
, $h>0$
(3.4) $||$DF$h(\Pi hx_{0})v_{h}||_{Y’}\geq L||v_{h}||_{X}$ , $\forall v_{h}\in X_{h}$
. , .
, (1.9), (1.10), (2.5) , $P_{h}$ : $Y’arrow Y_{h}$’ 2.3










$h>0$ , $L:= \frac{1}{2}||(A+B)^{-1}||_{\mathcal{L}(Y,X)}^{-1}$, (3.4)
. (3.4) , Fr\’echet $DF_{h}$ (\Pi hx0) $X_{h}$ $Y_{h}’$
. , $X_{h}$ $Y_{h}$ , $DF_{h}(\Pi h^{X}\mathrm{o})|_{X_{h}}\in \mathcal{L}(X_{h}, Y_{h}’)$
. , Kantorovich (1y .
Kantorovich (2) , 31(5) .
$lR\}\tilde{.}$ ,
(3.5) $\lim_{harrow 0}||$Dff7 $(\mathrm{I}\mathrm{I}_{h}x_{0})^{-1}\mathrm{f}_{h}^{\mathrm{f}}(\mathrm{I}\mathrm{I}_{h}x_{0})||_{X}$ $=0$
. ,
$||$F$h(\Pi h^{X}0)||_{Y’}=||$ 7 $h$F(Ib $x_{0}$ ) $||_{Y^{1}}\leq||7h||_{\mathcal{L}(Y’,Y’)}||F(\mathrm{H}_{h}x_{0})-F(x_{0})||_{Y’}$
(3.6) $\leq||P$h $||$ Z(Y”Y$’$ ) $( \int_{0}^{1}||$DF$((1 -t)\Pi_{h^{X}0}+tx_{0})||_{\mathcal{L}(X,Y’)}dt)||$x$0-\Pi_{h^{X}0}||_{X}$
$\leq CC_{2}||x_{0h}-\Pi x_{0}||_{X}arrow 0$ , $harrow 0$
, (3.5) . , Lipschitz $K$ , $K \eta<\frac{1}{2},$ $\eta:=$
$||DF_{h}(\Pi hx_{0})^{-1}F_{h}$ (\Pi hx0)||X $h$ , Kantorovich
(3), (4) .
, Kantorovich , $x_{h}\in X_{h}$
, $F_{h}(x_{h})=0$ 2.1 , $x_{h}$ Galerkin (3.2)
. , Kantorovich (3.6)
$||x_{h}-\Pi hx\mathrm{o}||_{X}\leq 2\eta=2||DF_{h}(\Pi hx0)^{-1}F_{h}(\Pi hx0)||x\leq C||x0-\Pi hx0||x$
, (3.3) .
3.4 3.3 . , $h>0$
, (3.1) $x_{0}$ Galerkin $x_{h}$ ,
$\text{ }-\supset$ :
$||x \mathrm{o}-x_{h}||_{X}\leq(1+C)||x_{0h}-\Pi x_{0}||_{X}\leq(1+C)(1+\frac{M}{\eta})v\mathrm{j}\mathrm{n}\mathrm{f}_{h}||x_{0}$ $-v_{h}||_{X}$ .
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, $M,$ $\eta,$ $C$ , 1.2, 1.3, 3.3 . ,
$h arrow 0v_{h}\in\lim \mathrm{i}\mathrm{n}$f $h||x0$ -vh $||_{X}=0$ $\Rightarrow$ $\lim_{harrow 0}||$ xl$0-x_{h}||_{X}=0$
6
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